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HERMITIAN RANKS OF COMPACT COMPLEX MANIFOLDS
DANIELE ANGELLA AND ADRIANO TOMASSINI
Abstract. We investigate degenerate special-Hermitian metrics on compact complex manifolds,
in particular, degenerate Kähler and locally conformally Kähler metrics on special classes of non-
Kähler manifolds.
Introduction
In this note, we continue in studying special-Hermitian structures on compact complex manifolds,
in view of a (far-to-be-obtained) possible classification of compact complex non-Kähler manifolds.
In particular, we focus on the existence of degenerate special-Hermitian metrics. We investigate
here degenerate Kähler metrics and degenerate locally conformally Kähler metrics, by introducing
the notion of special-Hermitian ranks, as a first development of the Kähler rank by R. Harvey and
H. B. Lawson and by I. Chiose in the non-Kähler setting. We investigate here classes of non-Kähler
examples.
R. Harvey and H. B. Lawson provided an intrinsic characterization of the Kähler condition. In
[HL83, Theorem (14)], they proved that, on a compact complex manifold X, one and only one of
the following facts holds: (i) there is a positive (1, 1)-form being closed; (namely, a Kähler metric;)
(ii) there is a (non-trivial) positive bidimension-(1, 1)-current being component of a boundary.
This let them to introduce a notion of Kähler rank for compact complex surfaces, in terms of
the foliated set
B(X) := {x ∈ X : ∃ϕ ∈ P∞bdy(X) such that ϕx 6= 0} ,
where P∞bdy(X) denotes the subcone of smooth currents in the cone of positive bidimension-(1, 1)-
currents on X being a boundary.
By [CT13, Corollary 4.3], the Kähler rank of a compact complex surface X is equal to the
maximal rank that a non-negative closed (1, 1)-form may attain at some point of X. (See also
[FGV16, Definition 1.2].) This allows I. Chiose to extend the notion of Kähler rank to higher-
dimensional compact complex manifolds, [Chi13, Definition 1.1], by setting
(0.1) Kr(X) := max
{
k ∈ N : ∃ω ∈ ∧1,1X s.t. ω ≥ 0, dω = 0, and ωk 6= 0
}
.
By relaxing the Kähler condition, several notions of special-Hermitian metrics can be defined: e.g.
Hermitian-symplectic, balanced in the sense of Michelsohn [Mic82], pluri-closed [Bis89], astheno-
Kähler [JY93], Gauduchon [Gau77], strongly-Gauduchon [Pop13], and others. The notion in Equa-
tion (0.1) can be restated for some of these metrics: we will consider e.g. the SKT case (1.2).
In particular, we introduce and study the Hermitian locally conformally Kähler rank. It is
defined in Equation (1.1). Essentially, we replace the condition of dω = 0 in Equation (0.1) by
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2 DANIELE ANGELLA AND ADRIANO TOMASSINI
dω − ϑ ∧ ω = 0 for some d-closed 1-form ϑ = 0. By the Poincaré Lemma, ϑ is locally d-exact:
ϑ
loc
= dg. Then exp(−g)ω is a local conformal change of ω being Kähler.
Both the Kähler and the lcK conditions are cohomological in nature. Moreover, cohomologies
of nilmanifolds (namely, compact quotients of connected simply-connected nilpotent Lie groups,)
can be often reduced as Lie algebra invariants. It follows that the Kähler rank and the lcK rank of
nilmanifolds is often encoded in the Lie algebra, see Lemma 2.1. This allows us to study explicitly
the Kähler rank and the lcK rank of 6-dimensional nilmanifolds. (With the possible exception
of nilmanifolds associated to the Lie algebra h7 = (0, 0, 0, 12, 13, 23) in the notation of Salamon
[Sal01], see [Rol11].) This is done in Section 3. Compare also [FGV16, Section 4.2], where the same
results have been obtained independently.
As a further example, we consider a non-Kähler manifold obtained as a torus-suspension in
[Mag12]. The investigation of these manifolds was suggested by Valentino Tosatti and may deserve
further studies in non-Kähler geometry.
Acknowledgments. The authors would like to thank Valentino Tosatti for useful discussions. Many
thanks also to the anonymous Referee for valuable comments.
1. Hermitian ranks
In this section, we recall the definitions of Kähler rank for compact complex surfaces by R.
Harvey and H. B. Lawson, and for compact complex manifolds by I. Chiose. On the same lines, we
also introduce the notions of lcK rank and pluri-closed rank.
1.1. Kähler rank. Let X be a compact complex surfaces. Denote by Pbdy(X) the cone of positive
bidimension-(1, 1)-currents on X being a boundary, and denote by P∞bdy(X) the subcone of smooth
currents. On a compact complex surface X, the cone P∞bdy(X) coincides with the cone P
∞
bdy1,1
(X)
of positive bidimension-(1, 1)-currents on X being component of a boundary, and any form ϕ ∈
P∞bdy(X) is simple, (i.e. of rank less or equal than one,) at every point of X, [HL83, Proposition
(37)]. Set:
B(X) := {x ∈ X : ∃ϕ ∈ P∞bdy(X) such that ϕx 6= 0} .
The open subset B(X) ⊆ X carries an intrinsically defined complex analytic foliation F , which
is characterized by the property that ϕbF= 0 for any ϕ ∈ P∞bdy(X), [HL83, Theorem 40]. The
Kähler rank of the compact complex surface X [HL83, Definition 41] is defined to be: (a) two,
when X admits Kähler metrics; (that is, the open subset B(X) in X is empty;) (b) one, when the
complement of the open subset B(X) in X is contained in a complex curve and non-empty; (c) zero,
otherwise.
The Kähler rank of compact complex surfaces is a bimeromorphic invariant, [CT13, Corollary
4.1]. Surfaces with even first Betti number have Kähler rank two, [Lam99, Buc99]. Elliptic non-
Kähler surfaces have Kähler rank one, [HL83, page 187]. Non-elliptic non-Kähler surfaces are in
class VII: under the GSS conjecture, their minimal model is one of the following: (i) Inoue surfaces:
Kähler rank is one, [HL83, §10]; (ii) Hopf surface: Kähler rank is one or zero according to the type,
[HL83, §9]; (iii) Kato surfaces: Kähler rank is zero, [CT13].
Now, let X be a compact complex manifold of complex dimension n ≥ 2. Notice that, when
n = 2, the Kähler rank, as in [HL83, Definition 41], is equal to the maximal rank that a non-
negative closed (1, 1)-form may attain at some point of X, thanks to [CT13, Corollary 4.3]. Then,
the following definition by I. Chiose is coherent. Compare also [FGV16, Definition 1.2].
Definition 1.1 ([Chi13, Definition 1.1]). Let X be a compact complex manifold of complex dimen-
sion n. The Kähler rank of X is defined to be
Kr(X) := max
{
k ∈ N : ∃ω ∈ ∧1,1X s.t. ω ≥ 0, dω = 0, and ωk 6= 0
}
∈ {0, . . . , n} .
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Remark 1.2. Note that, by [Chi13, Theorem 0.2], for compact complex manifolds of complex
dimension 3 with maximal Kähler rank, the “tamed-to-compatible” conjecture, [LZ09, page 678],
[ST10, Question 1.7], holds.
1.2. Locally conformally Kähler rank. Now, we consider locally conformally Kähler structures
[DO98]. Such a structure is given by (ϑ, ω), where ϑ is a closed 1-form and ω is a Hermitian metric
satisfying dϑω = 0, where
dϑ := d− ϑ ∧ .
Note that, locally, ϑ loc= df for some smooth function f . Therefore exp(−f)ω is a local Kähler
structure being a locally conformally transformations of ω.
We now admit degenerate metrics, and we introduce the following rank. (We add the adjective
“Hermitian” in order to avoid confusion with the notion of lcK rank introduced in [GOPP06], which
regards the Lee form ϑ.)
Definition 1.3. Let X be a compact complex manifold of complex dimension n. The Hermitian
locally conformally Kähler rank of X is defined to be
HlcKr(X) := max
{
k ∈ N : ∃ϑ ∈ ∧1X s.t. dϑ = 0,(1.1)
∃ω ∈ ∧1,1X s.t. ω ≥ 0, dϑω = 0, and ωk 6= 0
}
∈ {0, . . . , n} .
Clearly, since d0 = d, it holds Kr(X) ≤ HlcKr(X) ≤ dimX. Moreover, if X admits a locally
conformally Kähler metric, then clearly HlcKr(X) = dimX.
1.3. Pluri-closed rank. Finally, we consider pluri-closed metrics [Bis89], namely, Hermitian met-
rics ω such that ∂∂ω = 0, also called SKT metrics. We define the following.
Definition 1.4. Let X be a compact complex manifold of complex dimension n. The pluri-closed
rank of X is defined to be
SKTr(X) := max
{
k ∈ N : ∃ω ∈ ∧1,1X s.t. ω ≥ 0, ∂∂ω = 0, and ωk 6= 0
}
(1.2)
∈ {0, . . . , n} .
Note that, Kr(X) ≤ SKT(X). Moreover, by [Gau77, Théorème 1], any compact Hermitian
manifold admit a unique Gauduchon metric in the conformal class up to scaling, that is, a metric
ω satisfying ∂∂ωn−1 = 0, where n = dimX. In particular, it follows that, on compact complex
surfaces, the pluri-closed rank is always maximum, equal to 2.
2. Special-Hermitian ranks of homogeneous manifolds of solvable Lie groups
In this section, we investigate the Kähler and the Hermitian lcK ranks of homogeneous manifolds
of solvable Lie groups.
Let X = Γ\G be a solvmanifold, namely, a compact quotient of a connected simply-connected
solvable Lie group G by a co-compact discrete subgroup Γ. Assume that X is endowed with an
invariant complex structure, (that is, the complex structure is induced by a complex structure
on G being invariant with respect to the action of G on itself given by left-translations.) Then
∧•,•g∗ ↪→ ∧•,•X is a sub-complex.
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In the definition of special-Hermitian ranks, we can restrict to invariant metrics: set the invariant
Kähler rank and the invariant Hermitian lcK rank to be
Kr(g) := max
{
k ∈ N : ∃ω ∈ ∧1,1g∗ s.t. ω ≥ 0, dω = 0, and ωk 6= 0
}
,
HlcKr(g) := max
{
k ∈ N : ∃ϑ ∈ ∧1g∗ s.t. dϑ = 0,
∃ω ∈ ∧1,1g∗ s.t. ω ≥ 0, dϑω = 0, and ωk 6= 0
}
.
They have the advantage to be easier to be computed. In general, it holds
Kr(g) ≤ Kr(X) and HlcKr(g) ≤ HlcKr(X) .
In fact, we prove that equalities hold, under the assumption that the map H•,•
∂
(g) → H•,•
∂
(X)
induced by the inclusion ∧•,•g∗ → ∧•,•X is an isomorphism. The assumption holds true, e.g. when
G is nilpotent and the complex structure is either holomorphically-parallelizable, or Abelian, or
nilpotent, or rational, [Con07, Rol11]. It holds true also when X is a compact complex surface
being diffeomorphic to a solvmanifold, [ADT14].
Lemma 2.1. Let X = Γ\G be a solvmanifold. Assume that the map H•,•
∂
(g) → H•,•
∂
(X) induced
by the inclusion ∧•,•g∗ → ∧•,•X is an isomorphism. Then the Hermitian locally conformally Kähler
rank HlcKr(X) and the invariant Hermitian locally conformally Kähler rank HlcKr(g) are equal.
In particular, the Kähler rank Kr(X) and the invariant Kähler rank Kr(g) are equal.
Proof. Clearly, HlcKr(g) ≤ HlcKr(X). Let ϑ be a d-closed 1-form, and ω ≥ 0 be a (1, 1)-form
satisfying dϑω = 0 such that ωk 6= 0. We show that there exist an invariant d-closed 1-form ϑˆ and
an invariant (1, 1)-form ωˆ ≥ 0 satisfying dϑˆωˆ such that ωˆk 6= 0.
By the assumption and by the Frölicher spectral sequence, the average map
µ : ∧•,• X → ∧•,•g∗ , µ(α) :=
∫
X
αbm η(m)
(here, η is a bi-invariant volume forms, thanks to Milnor,) induces the identity in de Rham coho-
mology. In particular, ϑˆ := µ(ϑ) is an invariant d-closed 1-form, and there exists f smooth function
such that ϑˆ = ϑ+ df .
Note that dϑ+df = exp(f) · dϑ(exp(−f) · -). Therefore ω˜ := exp(f) · ω ≥ 0 is a (1, 1)-form
satisfying dϑˆω˜ = 0 such that ω˜
k = exp(kf)ωk 6= 0. In particular, [ω˜] ∈ H2dϑˆ(X). By [Hat60], the
average map µ induces the identity also in the cohomology of the twisted differential dϑˆ. So we get
that ωˆ := µ(ω˜) ≥ 0 is an invariant (1, 1)-form satisfying dϑˆωˆ = 0, and there exists α a 1-form such
that ωˆ = ω˜ + dϑˆα.
Moreover, we have
ωˆk = ωk + dkϑˆϕ where ϕ :=
∑
s+t=k
t≥1
(
k
s
)
· ω˜s ∧ α ∧ (d(t−1)ϑˆα)t−1 .
That is, [ωˆk] = [ω˜k] in H2kdkϑˆ(X). Therefore, since ωˆ
k is invariant, it follows that µ(ω˜k) = ωˆk. Since
ω˜k ≥ 0 and ω˜k 6= 0, then ωˆk 6= 0.
As for the case of Kähler rank, it suffices to note that [ϑ] = 0 if and only if [ϑˆ] = 0. 
As a direct consequence, we have the following.
Corollary 2.2. Let X = Γ\G be a solvmanifold. Assume that the map H•,•
∂
(g)→ H•,•
∂
(X) induced
by the inclusion ∧•,•g∗ → ∧•,•X is an isomorphism. Then the Kähler rank Kr(X), (respectively,
the Hermitian locally conformally Kähler rank HlcKr(X),) is maximum if and only if there exists
a Hermitian metric being Kähler, (respectively, locally conformally Kähler.)
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3. Special-Hermitian ranks of 6-dimensional nilmanifolds
By using Lemma 2.1, we can compute the Kähler and Hermitian lcK ranks of 6-dimensional
nilmanifolds with invariant complex structures, except possibly for the nilmanifolds associated to
the Lie algebra h7 = (0, 0, 0, 12, 13, 23) in the notation of Salamon [Sal01]. In fact, the assumption
of the map H•,•
∂
(g) → H•,•
∂
(X) induced by the inclusion being an isomorphism is satisfied, see
[Con07, Rol11].
It is well-known [Uga07, COUV] that, up to (linear-)equivalence, the invariant complex structures
on 6-dimensional nilmanifolds are parametrized into the following families: there exists a global
co-frame {ϕ1, ϕ2, ϕ3} of invariant (1, 0)-forms such that the structure equations are
(P): dϕ1 = 0, dϕ2 = 0, dϕ3 = ρϕ1 ∧ ϕ2,
where ρ ∈ {0, 1};
(I): dϕ1 = 0, dϕ2 = 0, dϕ3 = ρϕ1 ∧ ϕ2 + ϕ1 ∧ ϕ¯1 + λϕ1 ∧ ϕ¯2 +Dϕ2 ∧ ϕ¯2,
where ρ ∈ {0, 1}, λ ∈ R≥0, D ∈ C with =D ≥ 0;
(II): dϕ1 = 0, dϕ2 = ϕ1 ∧ ϕ¯1, dϕ3 = ρϕ1 ∧ ϕ2 +Bϕ1 ∧ ϕ¯2 + cϕ2 ∧ ϕ¯1,
where ρ ∈ {0, 1}, B ∈ C, c ∈ R≥0, with (ρ,B, c) 6= (0, 0, 0);
(III): dϕ1 = 0, dϕ2 = ϕ1 ∧ ϕ3 + ϕ1 ∧ ϕ¯3, dϕ3 = εϕ1 ∧ ϕ¯1 ± i (ϕ1 ∧ ϕ¯2 − ϕ2 ∧ ϕ¯1),
where ε ∈ {0, 1}.
3.1. Kähler rank of 6-dimensional nilmanifolds. As for the Kähler rank, we have the following.
Proposition 3.1. On 6-dimensional nilmanifolds endowed with invariant complex structures, (ex-
cept possibly for the nilmanifolds associated to the Lie algebra h7,) the Kähler rank takes the fol-
lowing values:
(P): Kr(X) = 3 if ρ = 0 ,
Kr(X) = 2 if ρ = 1 ;
(I): Kr(X) = 2 ;
(II): Kr(X) = 1 if (ρ,B, c) 6= (1, 1, 0) ,
Kr(X) ≥ 1 if (ρ,B, c) = (1, 1, 0) ;
(III): Kr(X) = 1 ;
Proof. Thanks to Lemma 2.1, we are reduced to compute the invariant ranks. The arbitrary
invariant (1, 1)-form ω such that ω ≥ 0 is
ω = ir2ϕ1 ∧ ϕ¯1 + is2ϕ2 ∧ ϕ¯2 + it2ϕ3 ∧ ϕ¯3(3.1)
+
(
uϕ1 ∧ ϕ¯2 − u¯ϕ2 ∧ ϕ¯1)+ (vϕ2 ∧ ϕ¯3 − v¯ϕ3 ∧ ϕ¯2)+ (zϕ1 ∧ ϕ¯3 − z¯ϕ3 ∧ ϕ¯1) ,
where r, s, t ∈ R, u, v, z ∈ C satisfy
r2 ≥ 0 , s2 ≥ 0 , t2 ≥ 0 ,(3.2)
r2s2 ≥ |u|2 , s2t2 ≥ |v|2 , r2t2 ≥ |z|2 ,
r2s2t2 + 2<(iu¯v¯z) ≥ t2|u|2 + r2|v|2 + s2|z|2 .
We have
1
2
ω2 = (r2s2 − |u|2)ϕ121¯2¯ + (−ir2v − u¯z)ϕ121¯3¯ + (is2z − uv)ϕ122¯3¯
+(ir2v¯ − uz¯)ϕ131¯2¯ + (r2t2 − |z|2)ϕ131¯3¯ + (−it2u− v¯z)ϕ132¯3¯
+(−is2z¯ − u¯v¯)ϕ231¯2¯ + (it2u¯− vz¯)ϕ231¯3¯ + (s2t2 − |v|2)ϕ232¯3¯
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(for simplicity of notation, we shorten, e.g. ϕ122¯3¯ := ϕ1 ∧ ϕ2 ∧ ϕ¯2 ∧ ϕ¯3,) and
1
6
ω3 = (ir2s2t2 − ir2|v|2 − is2|z|2 − it2|u|2 + uvz¯ − u¯v¯z)ϕ1231¯2¯3¯ .
We compute:
(P): ∂ω = −z¯ρ ϕ121¯ − v¯ρ ϕ122¯ + it2ρϕ123¯ ;
(I): ∂ω = (−v + λz − ρz¯)ϕ121¯ + (−v¯ρ+ zD¯)ϕ122¯ + (it2ρ)ϕ123¯
+(−it2)ϕ131¯ + (−it2λ)ϕ231¯ + (−it2D¯)ϕ232¯ ;
(II): ∂ω =
(−is2 + zB¯ − z¯ρ) ϕ121¯ + (−cv − v¯ρ) ϕ122¯ + (it2ρ) ϕ123¯
+ (v¯) ϕ131¯ +
(−it2c) ϕ132¯ + (−it2B¯) ϕ231¯ ;
(III): ∂ω = (∓iz − εv)ϕ121¯ + (∓iv)ϕ122¯ + (u− u¯− it2ε)ϕ131¯
+(is2 ± t2)ϕ132¯ + (v)ϕ133¯ + (is2 ∓ t2)ϕ231¯ .
The statement follows. 
Remark 3.2. The results in Proposition 3.1 have been obtained independently in [FGV16, Section
4.2].
3.2. Hermitian locally conformally Kähler rank of 6-dimensional nilmanifolds. As for
the Hermitian lcK rank, we have the following.
Proposition 3.3. On 6-dimensional nilmanifolds endowed with invariant complex structures, (ex-
cept possibly for the nilmanifolds associated to the Lie algebra h7,) the Hermitian locally conformally
Kähler rank takes the following values:
(P): HlcKr(X) = 3 if ρ = 0 ,
HlcKr(X) = 2 if ρ = 1 ;
(I): HlcKr(X) = 3 if (ρ, λ,D) = (0, 0,−1) ,
HlcKr(X) = 2 if (ρ, λ,D) 6= (0, 0,−1) ;
(II): HlcKr(X) = 2 ;
(III): HlcKr(X) = 1 ;
Proof. By [Saw07, Main Theorem], a non-toral compact nilmanifold with a left-invariant complex
structure has a locally conformally Kähler structure if and only if it is biholomorphic to a quotient
of the Heisenberg group times R. In particular, the only 6-dimensional non-Abelian nilpotent Lie
algebra admitting lcK structures is h3, which appears in family (I) with parameters ρ = 0, λ = 0,
D = −1.
In case (II), consider the d-closed 1-form ϑ := ϕ2 + ϕ¯2 and the dϑ-closed 2-form, Ω := i ϕ1 ∧
ϕ¯1 + i ϕ2 ∧ ϕ¯2 ≥ 0.
In case (III), the arbitrary d-closed 1-form is ϑ = ϑ1ϕ1 +ϑ3ϕ3 + ϑ¯1ϕ¯1 +ϑ3ϕ¯3, where ϑ1 ∈ C and
ϑ3 ∈ R. By straightforward computations, which we performed with the aid of Sage [S+09], we get
that the arbitrary form ω in (3.1) with conditions (3.2) is dϑ-closed if and only if both r2 = 0 and
s2 = 0. 
3.3. Hermitian pluri-closed rank of 6-dimensional nilmanifolds. Finally, we consider the
pluri-closed rank SKTr(X) of X as defined in (1.2) in Definition 1.4.
In case of solvmanifolds X with associated Lie algebra g, a notion of invariant pluri-closed rank
SKTr(g) can be defined. Clearly, SKTr(g) ≤ SKTr(X). Note that, in this case, the argument in
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the proof of Lemma 2.1 does not apply. Indeed, there we make use of the map induced by the
wedge product in the Morse-Novikov cohomology, H2dϑ(X) × H2dϑ(X) → H4d2ϑ(X), which in turn
is a consequence of the Leibniz rule for the twisted differential operator, namely dkϑ(α ∧ β) =
dhϑα∧β+ (−1)degα α∧ d(k−h)ϑβ. But the ∂∂-operator, and the corresponding Aeppli cohomology,
do not share these properties.
In the following Table 1, we show the invariant pluri-closed rank of 6-dimensional nilmanifolds,
summarizing also the ranks computed in the previous sections. The results follows by computing:
class Kr(X) HlcKr(X) SKTr(g)
(P) ρ = 0 3 3 3
ρ = 1 2 2 2
(I) −ρ+D + D¯ − λ
2 = 0 2 2 3
−ρ+D + D¯ − λ2 6= 0, (ρ, λ,D) 6= (0, 0,−1) 2 2 2
(ρ, λ,D) = (0, 0,−1) 2 3 2
(II) (ρ,B, c) 6= (1, 1, 0) 1 2 2
(ρ,B, c) = (1, 1, 0) ≥ 1 2 2
(III) 1 1 1
Table 1. Special-Hermitian ranks for 6-dimensional nilmanifolds endowed with in-
variant complex structures.
(P): ∂∂ω = −it2ρϕ121¯2¯ ;
(I): ∂∂ω =
(
it2(−ρ+D + D¯ − λ2)) ϕ121¯2¯ ;
(II): ∂∂ω =
(−it2(ρ+ c2 + |B|2)) ϕ121¯2¯ ;
(III): ∂∂ω = (−2it2)ϕ121¯2¯ + (−2is2)ϕ131¯3¯ .
Remark 3.4. From the results in Table 1, we note in particular the upper-semi-continuity of the
Hermitian ranks. We wonder whether this proerty holds in general.
4. Kähler rank of a non-Kähler manifold constructed as suspension
As another example, we consider here a non-Kähler manifold constructed as suspension over a
torus. We consider an explicit case of a more general construction which has been investigated by
G. Þ. Magnusson [Mag12] to disprove the abundance and Iitaka conjectures for complex non-Kähler
manifolds. See also [Tos15, Example 3.1], (and the references therein,) where V. Tosatti uses the
same construction to get a complex non-Kähler manifold with vanishing first Bott-Chern class,
whose canonical bundle is not holomorphically torsion.
We first recall the construction by Yoshihara [Yos80, Example 4.1] of a complex 2-torus X with
an automorphism f such that the induced automorphism on H0(X;KX) ' C has infinite order.
Consider the roots α ∈ C and β ∈ C of the equation
x2 − (1 +√−1)x+ 1 = 0 .
The minimal polynomial over Q of α and β¯ is
x4 − 2x3 + 4x2 − 2x+ 1 = 0 .
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In particular, (
α4
β¯4
)
= 2
(
α3
β¯3
)
− 4
(
α2
β¯2
)
+ 2
(
α
β¯
)
−
(
1
1
)
.
Consider the following lattice in C2:
Γ := spanZ
{(
1
1
)
,
(
α
β¯
)
,
(
α2
β¯2
)
,
(
α3
β¯3
)}
.
Consider the torus
X := C2
/
Γ .
The automorphism
f : C2 → C2 , f
(
z1
z2
)
:=
(
α
β¯
)
·
(
z1
z2
)
induces an automorphism of X.
Now, we recall the construction by G. Þ. Magnusson [Mag12] of the non-Kähler manifold M .
Let
C := C/(Z⊕ τZ)
be an elliptic curve. Then M is the total space of a holomorphic fibre bundle M → C with fibre X
as follows:
M := X × C/Z2
where Z2 	 X × C acts as
(`,m) · (z, w) := (fm(z), w + `+mτ) .
Note that M is not Kähler, [Mag12, Proposition 1.2], because of [Fuj78, Corollary 4.10].
We claim that the Kähler rank of M is equal to 1.
In fact, note that the form
dw ∧ dw¯
on C yields a d-closed (1, 1)-form of rank 1 on M . Whence the Kähler rank of M is greater than
or equal to 1. On the other side, assume that there exists ω a d-closed (1, 1)-form of rank at least
2 on M . It corresponds to a d-closed Z2-invariant (1, 1)-form of rank at least 2 on X × C. By the
inclusion ι : X 3 x 7→ (x, 0) ∈ X × C, it yields a d-closed f -invariant (1, 1)-form of rank at least
1 on X — say ω again. Notice that f sends invariant forms (with respect to the action of C2 on
X) to invariant forms. We have ω = ωinv + dη where ωinv is invariant, and η is a 1-form. Then
f∗ω = f∗ωinv + df∗η, where f∗ωinv is invariant. We get that f∗ωinv = ωinv mod d(∧1g∗). Since
the Lie algebra g of X is Abelian, we get f∗ωinv = ωinv. We get that ωinv is a d-closed invariant
f -invariant (1, 1)-form of rank at least 1 on X. But this is not possible, since the only invariant
f -invariant (1, 1)-forms on X are generated over C by dz1 ∧ dz¯2 and dz2 ∧ dz¯1.
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